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I. INTRODUCTION AND BASIC FORMALISM 

> 

' Multi-dimensional theories of gravity and, in particular, the recent Braneworld cosmological scenario, in which the 
universe of our perception is a submanifold embedded in a high dimensional manifold, have generated very much 
interest in mathematical and physical aspects [j], 0, 9 of embedding theories based on four dimensional general 
relativity (4DGR). According to 4DGR, the model that describes the large scale structure of the universe is a 4D 
■ manifold equipped with a pseudo-Riemannian metric structure. The possibility of the existence of more than 4D was 
taken into account not very long after the final formulation of 4DGR by Kaluza and Klein (KK) In the original 
— «. . theory, the extra dimension was considered as topologically compact and the 4D spacetime was assumed independent 
^ , of the fifth dimension. In this theory the universe was considered as a hyper-cylinder, locally homeomorphic to 
I . 3? 4 x5' 1 . In the modern version of the KK theory, these assumptions are removed and the result is the unification 
of gravitation and electromagnetism with induced sources (mass and charge) [1, [H, 0] • Another recent cosmological 
scenario claims that the universe of our perception is a brane of 4D embedded in a nD bulk of at least 5D [8j . The 
main ansatz is that matter is confined on the brane and only gravity and electromagnetic fields can propagate on the 
bulk. Mathematically, these theories are based on a basic theorem of Riemannian geometry due to Campbell, who 
stated it for the first time 0, and Magaard who presented a strict proof. This is a local embedding theorem 
where every smooth analytic nD manifold can be locally and isometrically embedded into some other (n + 1)D one, 
which is Ricci-flat, Rab = (In our conventions, capital Latin indices A, B, . . . run from to 4, whereas greek indices 
/x, v, . . . from to 3). In a sense, this is equivalent to the local embedding of Einstein 4DGR, into some 5D relativity in 
vacuum where matter does not exist. The idea of this approach is to explain matter in 4D as a manifestation of pure 
geometry in higher dimensions. In a cosmological framework, scalar fields have been recognized to be responsible for 
the expansion of the universe [ll| , and have been proposed to explain inflation [l2j , as well as the present accelerated 
quintessential expansion [l3j . The main goal of this paper is the study of a power-law expansion of the universe from a 
5D apparent vacuum, defined by a 5D flat metric and a purely kinetic Lagrangian for a scalar field minimally coupled 
to gravity. For this purpose, we consider the 5D metric introduced in [14| [l5|. 

dS 2 = e (iJj 2 dN 2 - ii 2 e 2N dr 2 - d^ 2 ) , (1) 

where dr 2 — dx 2 + dy 2 + dz 2 . The coordinates (N,r) are dimensionless, the fifth coordinate ip has spatial units and e 
is a dimensionless parameter that can take the values e = ±1, accounting for the two possible signatures of the metric. 
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The metric ([lj describes a flat 5D manifold (Rg CD = 0) in apparent vacuum (Gab — 0). We consider a diagonal 
metric because we are dealing only with gravitational effects, which are the important ones in the global evolution for 
the universe. To describe neutral matter in a 5D geometrical vacuum fl} we can consider the Lagrangian 



(5) L(^ 



<P,A) = 



(5), 



(■>) 



go 



{5) C(<p,<p, A ), 



(2) 



where l^gl = tp 8 e 6N is the absolute value of the determinant for the 5D metric tensor with components gAB given by 
© and \^g \ = ^e m ° is a constant of dimensionalization determined by |' 5 '<?| evaluated at tp = tpo and N = No- 
In this work we consider No = 0, so that ^go = ipo- Here, the index "0" denotes the values at the end of inflation 
(i.e., when the scale factor of the universe satisfies 6 = 0). Furthermore, we consider an action 



d xdtp ■ 



(5), 



(5) 



16ttG 



- (5) £(^w) 



(3) 



for a scalar field ip, which is minimally coupled to gravity. Here, is the 5D Ricci scalar, which of course, is zero 
for the 5D flat metric fl]) and G is the gravitational constant, which we consider independent of the extra dimension. 
A different treatment was considered, for example, in [3j. Since the 5D metric ([U describes a manifold in apparent 
vacuum, the Lagrangian density C in ([2]) must be only kinetic in origin, 



<P,A<P,B- 



(4) 



Considering the metric Q]) and the Lagrangian ([2]), we obtain the equation of motion for <p, 

Q2p «,„ a AT A2 



^dN + ^ M 



-r 



dN 2 r " ~ rr ^ dtp " r dtp dtp 
where dN/dtp and dtp/dN are zero because the coordinates (N, r, tp) are independent. 



dtp 2 



(5) 



A. 5D normalization 



Equation ([5]) can be written as 



~<p +3 V -e- 2N X7 2 r Lp 



\tiP^ +ip 2 ® 2 ^ 
dtp dtp 2 



= 0, 



(6) 



where the over-star denotes derivative with respect to N and tp = ip(N,f,tp). Now we proceed with the quantization 
procedure for the scalar field ip(N, r, tp) in the standard way. We start establishing the commutator relation between 
<p and fl* = dC/dip^M — g NN( P,N that results 



<p(N, r, tp), U N (N, ?, tP')] = ig NN S i3) (f- r')5(t/j - tp'), 



(7) 



being g NN — tp 2 . In order to simplify the structure of (JB]), we find convenient to express ip as ip = xe 3N ^ 2 (tpo/tpy 
Thus, equation © yields 



X 



-2Nt-?2 



x = o, 



(8) 



which is a 5D generalized Klein-Gordon like equation for the field x(iV, r, tp). The field x(N,f,ip) can be Fourier 
expanded as 



X {N,r,tp) 



(2tt) 3 / 2 



d 3 k r / dk 



ZLkANtp) 



(9) 
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where the asterisk denotes complex conjugation and (a^k^, &\ fe ) are ^ ne annihilation and creation operators which 
satisfy the algebra 



,t 



a k r k^ > a k' r k' 



(k r - s (k^ - fc;) , 
= o, 



ak r k^ , a-k'k', 



(10) 
(11) 

(12) 
(13) 



so that this normalization condition is completely equivalent to (|T2|) . Therefore, a solution for the scalar modes 
(.kr-k^iN,^) that satisfies (fl~3|) corresponds automatically to a solution for x(N,r,ip) that satisfies (|T2|) . By inserting 
© into ([5]) we obtain that the dynamical equation for the modes ^k^^N, VO is given by 



and the following commutation relation between \ an d X must be fulfilled 

x(N,r,i/)),X (N,P,ip'^ = iS® (?-?) S (tp - ip') . 
The commutation relation (|12[) can be written in terms of the scalar modes £k r k^ (N, tp) in the form 



£k r k^, ) — (6s r fc</>) ^k r k^— h 



■ k r k,j 



d 



if 



1 



To solve this equation we propose the ansatz 

such that (TT4"|) can be written as two differential equations 



*kip 
dtp 2 



k 2 



with a = 2fci V 2 - Solving US]) and (17]) we obtain 



^ } [x(iV)] = A 1 n^[x(N)]+A 2 n^[x(N)l 



(2) _ p -ik^4 



B 1 q p(i+^) +B a ^(s-v^) 



(14) 
(15) 

(16) 
(17) 



(18) 
(19) 



where w£ 1,a) [a:(A0] = XKiV)]±^[x(iV)] are the Hankel functions, J7i,[a:(-/V)] and y v [x(N)] are the first and second 
kind Bessel functions with v = y/a and x(N) = fc r e . Furthermore, the arbitrary constants A\, A2, B\ and B2 are 
constrained by the normalization condition (|13[) in the following manner 



[(A X -A 2 ){A X +A 2 ) 



B 2 tp l 



(20) 



Choosing the generalized Bunch-Davies vacuum, given in this case by A\ = and B\ = in the above expression, 
we find that the only way to obtain a constant A2 is setting v = y/a = 1/2. This gives A2 — iy/n/ (2B2). Hence, the 
solution of (|14[) with the normalized condition (|20|) , which ensures the quantization of ip, is given by 



Zk rk JN,iP)=e- ik *1> i kr (N), 



(21) 



being i kr (N)i(y/n/2)Hfl [k r e~ N ]. This result possesses great importance and deserves a careful interpretation. 
The condition (|20p . which guarantees the normalization (and hence the quantization) of the field tp, requires that 
a = 2k 2 ) ip 2 to be a constant. This fact can be interpreted in the following manner: the field x varies along the 
coordinate tp by changing its momentum in that direction in such a way that the product k^tp remains constant (this 
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means that k^ decreases as ip increases or viceversa). A consequence of this is that the coordinate ip results to be 



irrelevant for the Fourier expansion of Xi but is relevant for ip 
Therefore, the held \ m equation ((9|) now simplifies to 



f 



-3N/2 



X (N,f,i;)x(N,r) = — r I ,t'l; I dk. 
and thus the held tp is given by 

_ --3JV/2 ( ^ 



ip(N, f, ip) = e 



a krk .e^- r ^ r (N)+c.c. 



x(N,r), 



(22) 



(23) 



with x(iV,r) given by equation (f2"2")) . Note that exponentials e k ^ disappear in x(iV, r), which in turn implies 
that this field is independent of ip. This is very important because <p(N,r,ip), and hence gravity, propagates on the 
3D spatially isotropic space r(x,y, z), but not on the additional space-like coordinate ip. This should explain why 
matter only propagates on the 4D submanifold described by the coordinates (N, r). Furthermore, expression (|23p is a 
consequence of the normalization in (|2"U|) . which gives that dip /dip = — 2V' -1 '/?, because a is a constant of the spectrum 
such that k^p = ip 2 /8. This fact should be very important in the equation of motion for gravitons (described by some 
equation similar to (|14p ), because it implies a fixed mass and eliminates the exchange of extra light particles in the 
gravitational interactions. However, this is not the subject of this paper, but the reader can see a different mechanism 
to eliminate these light states in Ref. [3j. 

Throughout the following sections, we study the implications of this 5D dynamics as seen by 4D observers in a 
power-law expanding universe. 



B. Effective 4D Power law expansion 

In what follows we extend the formalism, recently introduced by M. Bellini (l6| . by studying the general case of a 
variable Hubble parameter. In this model, developed from a 5D vacuum, the expansion of the universe is governed by 
a scalar field, which has been sliding down its potential energy hill along the entire the evolution of the universe. The 
relevance of this model is that the effective 4D dynamics of the field ip only depends of the Hubble parameter h, which 
is a cosmological observable. Furthermore, the effective 4D potential V(tp) has a geometrical origin. In particular, in 
this paper we study the inflationary expansion and the radiation dominated epoch. The later, rather than inflation, 
describes a decelerated expansion of the universe. We start by considering the metric ([TJ) with the coordinates and 
frames transformations 

t= [ip(N)dN, R = rip, L = ip(N)e~ S (24) 



t n _ u(N) fjt 2u(t) 



U" = v ' -» U l = - y ' , (25) 

ip^u 2 (N) - 1 ^/u 2 (t)-l 

U r = 0^U R = 2RH , (26) 

= 1 -> U L 0, (27) 

such that, for the dynamical foliation ip(t) = l/h(t) and u(t) = l/(l+q(t)) (being h(t) the effective Hubble parameter), 
we obtain an effective 4D Friedmann-Robertson- Walker metric 

dS 2 ds 2 - e (dt 2 - e 2 S h ^ dt dR 2 ) . (28) 
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Here q(t) = —bb/b 2 is the deceleration parameter, the overdot denotes derivative with respect to the time and b(t) is 
the scale factor of the universe [l5j]. The following geodesic dynamics is fulfilled in both reference systems 1 



dU 



c 



dS 
dU c 
dS 



= -T C AB U A U B , 



-t%U A U B , 



g AB U A U B = 1, 



g AB U A U B = 1. 



(29) 
(30) 



The metric (j2"5)l has an effective 4D nonzero scalar curvature ^TZ = 6(h + 2h 2 ) and a metric tensor with components 
t^,„. The absolute value of the determinant for this tensor is \( 4 'g\ — (6/foo) 6 - The Lagrangian density in this new 
frame was obtained in a previous work [171 ] and it has the form 



where 



V(tp) 



(4) £ 



p(R,t),p^(R,t) 



-g^tp^tp^ 



= l(dv 



V(<p), 



2h 2 (t)p 2 (t, R,L) 



(31) 



(32) 



is the effective 4D induced potential for the scalar field <p(t, R, L). 

On the other hand, the 4D expectation values for energy density p and the pressure p are given by (li 



8ttG(p) = 3/i 2 , 
87rG(p) = -(3h 2 



2h). 



(33) 
(34) 



where G — M~ 2 is the gravitational constant and M p = 1.2 x 10 19 GeV is the Planckian mass. Furthermore, 
the equation of state that describes the universe is (p) = — [1 — 2/(3u(t))] (p), and from the hyperbolic condition 
gABU A U B = 1 we obtain that the 4D evolution of the universe in terms of b(t) is described by 



1 + 



M)' 



= 4^ -1- 



(35) 



This equation makes an analytical treatment a hard nut to crack. Thus, we restrict ourselves to the case where u(t) 
is approximately a constant: u(t) ~ p, where p describes the power of the expansion for the scale factor b ~ t p . 

During inflation, the universe is accelerated (q < 0) and u(t) ^> 1, thus e = 1. However, in epochs of decelerated 
expansion, < u(t) < 1 and e = — 1 in the metric ([1]). The change of signature of e means that dS 2 changes sign. This 
possibility was first considered by Davidson and Owen [la] , who studied elementary particles as higher dimensional 
tachyons. In the model studied here, causality is affected during the inflationary epoch, but not when the expansion 
of the universe is decelerated. The possibility that causality is violated during inflation has been studied by many 
other authors as well (l9| . In our case we have in mind an early accelerated universe (inflationary expansion), which 
at later times is decelerated. During inflation dS 2 < so that causality is affected, but after inflation ceases (i.e., 
when the universe is decelerated), causality is restored, dS 2 > 0. 

The expectation value for the energy density is 



V{fp) 



(36) 



where the brackets denote the 4D expectation value. 

Considering equation © and the transformation of coordinates ([M]) , the effective 4D equation of motion for ip is 



tp- 



3h 



^_ e -2/fc(t)* v 



rV- 



"4 dtp 

tp dip 



d 2 p ~ 
dip 2 _ 



0. 



(37) 



1 For a more complete description see [l7| . 



and the effective 4D vaiue for V'((p) is 



ID 



h d 
hdt 



2h 2 



Now we apply the transformation 

v& R) - x(t, R)e- iJ ( 3 ' 1 -) dt = x(t, R)e-iS™ (£) 1/2 , 



in order for equation (|37|) to become a 4D Klein-Gordon equation for 

2 



x - 



1 / h 

4 ' 4 I // / 2 1 /i 



x = o. 



Here to is the time at end of inflation. On the other hand we have 

1 



X(t,R,L) = X {t,R)- 



d 3 k R I dk 



a kR e ik «- R £ kR (t)+c.c. 



S [k^ - ki 



(2tt) 3 / 2 

where L = ip = cte. Hence the equation of motion for the time dependent modes (t) is 



(38) 



(39) 



(40) 



(41) 



(42) 



This means that the model excludes non-expanding cosmological models. Besides, all terms inside the brackets have 
a geometrical origin because they are induced by the fifth coordinate. 



II. SOME EXAMPLES 

To illustrate the formalism, we study some examples of power-law expanding universes which are relevant for 
cosmology. 



A. Power-law inflation 

We first consider a power law inflationary expansion for the universe 

h(t) = |, p>l. 
Equation (|42p for the fc^-modes in power-law inflation is 

- a 2 t 2(l-p)_p2 



t 2 



(43) 



(44) 



with a Q = fcfltg, 1 = (p 2 - l)/4. The general solution of {H} is 

£ kR [x(t)} = Vt (CiH^ [x{t)\ + C 2 «< 2 > [ X (t)]j , (45) 

being v = p/[2(p — 1)] and x(t) — (a.ot 1 ~ p ) / (p — 1). Hence, when the normalization condition for £, kR (t) and the 
Bunch-Davies vacuum are both considered, i.e., C\ — 0, Ci — iy/n/[A(p — 1)], we obtain 



&*(*)=* 



4(p-l) 



Vtn^ 



p-i 



(46) 
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where the condition v = 1/2 is fulfilled only for p — > oo in inflationary models. Note that this result is very similar 
to the one obtained in the power law standard inflationary approach. 



Once the time dependent 4D-modes £fc R (t) are known, we can calculate the effective 4D super Hubble squared 
fluctuations (f 2 )- For this purpose, we must remember the small argument limit for the second kind Hankel function: 



n [2) [x\ 

(x/2) v /r(l + v) and hence ( <p 2 (-R, t) ) can be calculated on the infrared (IR) sector from the expression 



(x /2) v /r(l + v) — (i/ir)T(v) (x/2) . Note that in this case v < because p > 1, so we can use JiC 



(2)r 



y 2 {t,R) 



2—(p- 1)1 



IR 



87rr 2 



p-2 



2(p-l) 



k R ^ • 



(47) 



t=t» 



lfT 4 - HT 3 ), = M**) = 

p (t*/ta) p t^ 1 is the wavenumber at the moment t*, when the horizon enters, and k p is the Planckian 



where 9 = kmax/k p <C 1 is a dimensionless constant (of order 
e jhdt h 



wavenumber (i.e., the scale we choose as a cut-off of all the spectrum). In other words, knit*) is the wavenumber 
related to the Hubble radius in an expanding universe when the horizon enters. 



B. Radiation dominated universe 



A radiation dominated universe is described by a power p = 1/2, which is related with a Hubble parameter 
h(t) = l/(2t), such that equation (|4*2")1 becomes 

I* +(!&£&Yt>» = 0, (48) 



t 2 

with ai = kjitl/ 2 and 01 = 3/16. The general solution for this equation is 

ik R (t) = Gi VtH^ [2 ai t^ 2 ] + G 2 VtH^ [2a 1 t 1 / 2 ] , (49) 

being (G%, G2) constants and V\ = sj\ — 4/? 2 . Hence, when the normalization condition for £k R (t) and the Bunch- 
Davies vacuum are considered, we obtain G\ = and G2 = yV/2. Thus, the normalized solution for equation l|48[l 
is 

ik R (t) = ^VtH^[2a 1 t 1 / 2 }, (50) 
where in our case v\ — 1/2. In this fashion, on super Hubble scales we obtain 

r 2 [i/2] ft \ r ek "dk R 

< v) '* = -*i?-\j)Jo ~kn~ kR > (51) 



which, after integration yields 



, 9N 6> 2 r 2 fi/2i 2 . . 



Note the difference between the solutions of equations (|4^|) and (|4"8)) . Solutions of (|4^|) are unstable outside the Hubble 
horizon and stable inside it. However, solutions of (|48|) are stable over the entire the spectrum. Thus, inflationary 
dynamics is necessary to explain why the universe is larger than the Hubble horizon. 



III. FINAL COMMENTS 



In this work we have extended a previously introduced nonperturbative scalar field formalism for a noncompact 
KK theory to a power-law expanding universe. In particular, we have examined some relevant cases in cosmology; 
inflationary dynamics (p > 1) and radiation dominated (with p = 1/2) universes, respectively. We have found that the 
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((p 2 } IR spectrum is scale invariant only during inflation for p = 3/2. This formalism has the advantage, with respect 
to the semi-classical approach studied in [l7j , that it provides an exact (nonperturbative) treatment for the dynamics 
of the inflaton field (the scalar field). Furthermore, it provides a consistent treatment for the effective 4D dynamics 
of the universe in models governed by a single scalar field. Note that the dynamics is induced geometrically through 
the potential in the frame U l — 2u/ (s/u 2 — 1), U R = —2Rh/ {\Ju 2 ~ 1 ), JJ L — 0, where the fifth coordinate L = i/jq 
remains constant. This constant is given by the Hubble horizon at the end of inflation. The potential is quadratic in 
tp but its squared mass depends on the rate of expansion of the universe (the Hubble parameter). In epochs where 
the expansion is accelerated the signature of the squared mass is positive, but when the expansion is decelerated it 
shifts to a negative signature. 

Since tensor metric fluctuations Yiab are not the subject of this paper, in our analysis we excluded possible short- 
range modifications of Newton's gravitational law due to the 5D graviton propagator. For a discussion about astro- 
physical implications of the existence of extra dimensions see [2(| EH . 

Finally, the theory can explain why inflationary dynamics is necessary to explain the existence of an universe larger 
than the Hubble horizon, because the modes related to cosmological scales of the quantum field \ grows superluminally 
for a scale factor b ~ t p , with p > 1. However, for a radiation dominated universe the modes are stable over the 
entire the spectrum. This is a remarkable result of this paper: during the radiation dominated epoch the squared <p- 
fluctuations are stable over all scales, rather in models where the universe is (as inflation) accelerated. It is evident the 
difference between the result ([52]) and those obtained in where ( ( fi 2 ) IR ~ t~ 3 ^ 2 . However, as was demonstrated 
in [22] the stochastic approach is only valid for p ^> 2. 
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